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Abstract. Let <p(t) G Q{t) have degree d > 2. For a given rational number xq, define Xn+i = 4>{^n) for each 
n > 0. If this sequence is not eventually periodic, then x„+i — Xn has a primitive prime factor for all sufficiently 
large n. This result provides a new proof of the infinitude of primes for each rational function </< of degree at least 2. 



1. Introduction 

For a given sequence of integers {a;„}„>o, a primitive prime factor pn of x„ is a prime p„ that divides Xn 
but Pn \ Xm for all < TO < n. For example, the Fibonacci numbers oq = 0, ai = 1 and a„+2 = Q-n+i + 
have a primitive prime factor for every n > 12. (See [3].) 

We call Pn a super-primitive prime factor of Xn if Pn \ x„i for all to 7^ rt. The Format numbers = 2^ +1 
are pairwise coprime, and so have a super-primitive prime factor for every n > 0. 

Given a rational function (f>(t) and a point € C U {00}, we define Xn+i = 4>{^n) for each n > 0. If 

G Q we write Xn = u„/u„ where u„ and i;„ are coprime rational integers. In fact we have already seen 
an example, namely the sequence of Fermat numbers. To see that this does indeed provide an example note 
that 

Fn+l - 2 = 22"+' - 1 = (22" + 1)(22" - 1) = FniFn " 2), 



and so if (f){t) = — 2i + 2 and Fq = 3, then Fn+i — <l>{Fn) for each n > 0. 

Our first goal was to show that, for any (f>(t) € Q(i), the numerator of Xn+i — Xn contains a primitive 
prime factor for all sufficiently large n provided {xn}n>o does not eventually become periodic (which is 
equivalent to the statement that the a;„ are distinct). However this is not always true: Let xq ^ 1 and 
Xn+i = Xn/{2xn + 1) for all 71 > 0. One verifies by induction on n > that, if Fn is the nth Fermat number 
then 

_ 1 22" 
— ^ and Xn+i — Xn ^ 



Fn+l — 2 



•l+l 

so that 2 is the only prime divisor of the numerator of x„+i — x„ for all n > 0. Note that the denominator 
of Xn always has a primitive prime factor, which also divides the denominator of Xn+i- This is what we 
prove in general: Define JFi to be those <p{t) G Q(i) of the form cr^^ o ijj o a, for some linear transformation 
a{t) = Xt + /3 with A ^ 0, where 

ib(t) = or . 

^ t + 1 2t + l 

Theorem 1. Suppose that (f>{t) G Q(t) has degree d > 2, and that a positive integer A is given. Let rco G Q 
and define Xn+i = 4>{xn) for each n > 0. // the sequence of rationals {a:;n}Ti>o is not eventually periodic, 
then the numerator of x„+a ~ 2;„ has a primitive prime factor for all sufficiently large n, except if (j) £ Ti 
and A = 1. In those cases the numerator of Xn+i — Xn has the same prime factors for all n, but there 
is a primitive prime factor of the denominator of Xn, which also divides the denominator of Xn+i, for all 
sufficiently large n. 
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We call PA,n a doubly primitive prime factor if PA,n divides the numerator of Xn+A — Xn , and ii N > n and 
D > A whenever pA,n divides the numerator oixN+D — xn- Ingram and Silverman [5, Conj. 21] conjectured 
that the numerator of Xn+A — Xn has a doubly primitive prime factor for all A > 1 and n > 0, other than 
for finitely many exceptional pairs (A, n). Unfortunately their conjecture is false with A = 1 for any 4> £ Ti, 
though we believe that an appropriate modification is true: Let BA,d be the set of all G C(i) of degree d 
such that (j) has no periodic point of exact period A. A result of Baker (see §7 and Appendix B) shows 
that Baa is non-empty if and only if (A, d) is one of the pairs (2, 2), (2, 3), (2, 4) or (3, 2). Define J^2 to be 
the union of B2.d for d — 2,3,4 along with all rational maps (j){t) of the form </> = o tjj o a for some 
a{t) = {at - P)/{jt - S) with ad - p-f ^ and ipit) = l/t"^. Define T^. = B^^2- 

Conjecture. Suppose that 4>{t) G Q{t) has degree d > 2. Let xq € Q and define Xn+i = for each 

n>0, and suppose that the sequence {x„}„>o is not eventually periodic. The numerator of Xn+A — Xn has 
a doubly primitive prime factor for all n > and A > 1, except for those pairs with A = 1,2 or 3 when 
(j) & Ti,T2 or Tj,, respectively, as well as for finitely many other exceptional pairs (A, n). 

In fact we can prove a strengthening of Theorem 1, which implies that if the above conjecture is false, 
then there must be exceptional pairs (A, n) with A arbitrarily large. 

Theorem 2. Suppose that 4>{t) G Q{t) has degree d > 2. Let xq G Q and define a;„+i = 4>{xn) for each n > 0, 
and suppose that the sequence {xn}n>o is not eventually periodic. For any given M > 1, the numerator of 
Xn+A — Xn has a doubly primitive prime factor for all n > and M > A > 1, except for those pairs with 
A = 1,2 or 3 when (j) G Ti,T2 or J^s, respectively, as well as for finitely many other exceptional pairs (A,n). 

Upon iterating the relation -F„+i — 2 = F„(F„ — 2), we see that 

Fn+i ~ Fn = 2"^ — 2^ =2^ {Fn — 2) = 2^ — 2) = • • • = 2^ F„_iF„_2 • • • FiFq. 

Hence Fn+i — Fn has the same primitive prime factor, Pn-i as Fn-i, but there can be no super-primitive 
prime factors since if Pn-i divides F„_i, then Pn-i divides F]v+i — Fn for all N > n. On the other hand 
we saw that all prime factors of Fn are super-primitive, and this does generalize as we see in the following 
result (from which Theorem 1 and 2 are deduced). For this statement, a point xo is called preperiodic if and 
only if the sequence {x„}„>o is eventually periodic. 

Proposition 1. Let K be a number field. Suppose that (f){t) G K{t) has degree d > 2, and that is a 

preperiodic point, but not periodic. If the sequence of K -rationals {x„}„>o is not eventually periodic then 
the numerator of Xn has a super-primitive prime (ideal) factor _P„ for all sufficiently large n.^ 

We will prove an analogous result when is a periodic point in section 4, though in this case one does 
not find super-primitive prime factors. Indeed, if has period q and if P divides the numerator of Xn, then 
P divides the numerator of Xn+kq for all fc > 0, other than for finitely many exceptional primes P. 

The proof of Proposition 1 is based on the following sketch of the special case (j){t) = t^ — 2t + 2 and xq & ^ 
(which includes another proof for the special case xq = Fq = 3, so that x„ = F„ for all n > 0). For this (p we 
see that is preperiodic but not periodic since 0(0) = (j){2) = 2. Now Xn+i = <l>{xn) = 4>{0) = 2 (mod Xn), 
and for m > n we then have, by an induction hypothesis, that Xm+i = (l){xm) = ?!'(2) = 2 (mod Xn)- Hence 
if TO > n then {xm,Xn) = (2,a;„) which divides 2, and so any odd prime factor of x„ is super-primitive. If 
Xn does not have an odd prime factor, then a;„ — ±2*^, and there arc only finitely many such n as there arc 
only finitely many integers r for which ^(r) = ±2*^, and no two Xn can equal the same value of r, else the 
sequence is eventually periodic. 

The deduction of Theorem 1 is based on the following sketch of the special case (/)(t) — t"^ + 3t + 1 and 
A = 1, and xq G Z. Here (j){—2) = </>(— 1) = —1, so that —2 is preperiodic but not periodic. To be able to 
apply Proposition 1 we make a linear change of variables and consider ^{t) = 4>{t — 2) + 2 = t^ — t+lso that 



See section 2 for an explanation of the "numerator" of an element of K. 
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V-'(O) = ■^(1) = 1; that is, is preperiodic but not periodic. We see that if yo = xq + "2 and yn+i = i^iVn), 
then t/„ = a;„ + 2, by induction. So Proposition 1 shows i/„ = x„ + 2 has a super-primitive prime factor p„ 
for all n sufficiently large. But then p„ divides x„+2 — Xn+i since 

Xn+2 = (t>{^{Xn)) = (t>{(i){-2)) = <^(-l) = 0(-2) = (t>{Xn) = Xn+1 (mod p„), 

while Pn cannot divide Xk+i — Xk for any k < n else 

-1 = 0(-2) = (j){xn) = o • • • o 0(a;fc+i) = </) o • • • o </)(a;fe) = a;„ = -2 (mod 
^ V ■' ^ V ' 

n— fc times n— fc times 

Hence any super-primitive prime factor p„ of y„ = a;„ + 2 is also a primitive prime factor of Xn+2 ~ Xn+i- 

Having a super-primitive prime factor is, by definition, more rare than having just a primitive prime 
factor. At first sight it might seem surprising that one can prove that esoteric dynamical recurrences have 
super-primitive prime factors whereas second-order linear recurrences (like the Fibonacci numbers) do not. 
However the numerator and denominator of the nth term of a degree d dynamical recurrence grow like C" , 
far faster than the C" of linear recurrences, so we might expect each new term to have a much better chance 
of having a prime factor that we have not seen before. One approach to proving this is simply based on size, 
the approach used for second-order linear recurrences, and so one might believe it should work even more 
easily here — this is the approach, for instance, of [5]. Our approach uses simple considerations to imply 
that a new term in the sequence (or a suitable factor of that term) can only include "old" prime factors from 
a finite set, and then we use the Thue/Mahler theorem to show that this can happen only finitely often. One 
further upshot of our method is that it can be made effective; i.e., in principle one could give a bound on 
the size of the set of exceptions in our main theorems. Essentially this amounts to applying Baker's method 
to obtain an effective form of the Thue/Mahler theorem; see the the discussion in §4 for a few more details. 

The remainder of this article is laid out as follows. In the next section, we give a description of the 
notation used in the paper. In §3 we give a lower bound on the number of distinct zeros a rational function 
can have outside of certain exceptional scenarios; this tool will be used in §4 to prove Proposition 1 and 
the analogous result for periodic points. As an application we deduce a new unified proof that there are 
infinitely many primes congruent to 1 modulo a fixed odd prime power. In §5, §7 and §8 we study properties 
of fixed points and preperiodic points in order to determine when one can change coordinates and apply 
Proposition 1, and then we use this analysis in §6 and §9 to deduce Theorems 1 and 2. Appendix A contains 
a number of results from complex dynamics that are used throughout the paper, and Appendix B recalls the 
classification of the exceptional rational maps arising from Baker's Theorem, as stated in §7. 

2. Notation 

Suppose that X is a number field, with ring of integers R. If S' is a finite set of nonzero prime ideals of R, 
write Rs for the ring of S'-integers — i.e., the set of all elements a/b € K where a,b £ R and the ideal (6) is 
divisible only by primes in S. One may always enlarge a given set of primes S so that Rs is a principal ideal 
domain [2, Prop. 5.3.6]. In that case, any a £ K can be written a = a/b with a,b £ Rs and (a, 6) = (1); 
i.e., a and b share no common prime ideal factor in Rs- Moreover, the greatest common divisor of any two 
elements a, b G Rs, denoted gcd(o, b), is defined to be a generator of the ideal (o, b). It is well defined up a 
to a unit in Rs- 

We will say that a prime ideal P oi K divides the numerator (resp. denominator) of an element a E K 
to mean that upon writing the fractional ideal (a) as a/b with a and b coprime integral ideals, the ideal P 
divides a (resp. b). When K = Q and P is a rational prime number, this agrees with standard usage. 

For any field k, we identify the projective space P^(fc) with k U {oo}. Returning to the number field K 
with ring of integers R, fix a nonzero prime ideal P <Z R. Write Rp for the localization of R at P; the ring 
Rp is the subset of all elements a/b G K such that a,b € R and b ^ P. The ring Rp has a unique maximal 
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ideal PRp = {a/b G if : a e P, 6 ^ P}, and wc can identify the residue fields R/PR S Rp/PRp. There 
is a canonical reduction map ¥^{K) ¥^ (Rp/PRp) given by sending a e Rp to its image in the quotient 
Rp/PRp, and by sending a G ¥^{K) \ Rp to oo. We extend the notion of congruences modulo P to F^{K) 
by saying that a = (3 (mod P) if and only if a and /? have the same canonical reduction in (Rp/PRp). 
This gives the usual notion of congruence when restricted to -Rp; i.e., a — /3 € PRp if and only if a and /3 
have the same canonical reduction in (Rp/PRp). 

For a given (j)(t) G K(t), fix polynomials f(t),g(t) G R[t\ with no common root in K such that (^(t) = 
f(t)/g(t). Let d = deg^ := max{deg /, deg^}; then F(x,y) = y'^f(x/y), G(x,y) = y'^g(x/y) G R[x,y\ 
are homogenous of degree d with no common linear factors. For FQ(x,y) = x, Go(x,y) = y, we define 
Fr+i(x,y) = F(Fr(x,y),Gr{x,y)) and Gr+i(x,y) = G(Fr{x,y),Gr(x,y)) for all r > 0. The polynomials 
Fr(x,y) and Gr(x,y) have no common factor in K[x,y]. 

Throughout we will use the notation {xn}n>o to denote a sequence of elements of K obtained by choosing 
xo € K and setting Xn+i = (f>{xn) for n > 0. We will also write (p^"'^ for the n-fold composition of (j) with 
itself, so that x„ = ^("^(xo). 

3. Rational functions with many distinct zeros 

Define T to be the set of rational functions ^(t) G C(t) of degree d > 2 of one of the following forms: 

(i) 4'(t) — t'^/g(t) where g(t) is a polynomial of degree < d; 

(ii) (j>(t) = c/f^ for some constant c 7^ 0; or 

Q,(f — Q,)d 

(iii) (t)(t) = — — 1 T- for some constants a, c ^ 0. 

' ' ((t- a)^ - cf/') ' ^ 

Note that is periodic in a period of length one in (i) , and in a period of length two in (ii) and (iii) (where 
4>(0) = 00 and a, respectively). Geometrically speaking, T consists of all rational functions of degree d such 
that <?f>^^^(t) has a totally ramified fixed point at 0. 

The main reason for defining T is seen in the following lemma: 

Lemma 1. Suppose that (j)(t) G C(t) \ T has degree d>2. Ifr>A, then Fr(x, y) has at least three distinct 
linear factors. 

Proof. Proposition 3.44 of [12] states that if ^(t) G C(t) has degree d> 2, and if ip^'^^t) is not a polynomial, 
then ■i/'~'*(oo) contains at least three elements. Let tp{t) = l/(j)(l/t) so that ip^'^\t) G C[t] if and only if 
0(^^(t) is of the form t^ / g2(t) where 52 (i) is a non-zero polynomial of degree < D = d^. The result follows 
by showing that this occurs if and only if <j)(t) G T: One easily confirms that, for each G T, one has 
(j>^'^\t) = t^/g2(t) for some polynomial g2it) of degree < D. On the other hand, any (j>^'^\t) of this form is 
totally ramified over 0. Let j3 = (/)(0) so that = 0(/3). As ramification indices are multiplicative, we deduce 
that (/) is totally ramified at and at (3. An easy calculation then confirms that the cases /3 = 0,00, or a 
(7^ or 00) correspond to the three cases in T. 

We deduce the following from Lemma 1: 

Corollary 1. Suppose that (j){t) G €,(t) \ T has degree d> 2. If r >A, then Fr{x,y) has at least + 2 
distinct linear factors. 

To prove Corollary 1, we use the a6c-thcorcm for polynomials (see, e.g., [4, Thm. F.3.6]). As we will have 

use for it again later in the paper, wc recall the statement: 

abc-Theorem for Polynomials. //a,6, cG C[a;,y] are homogeneous linear forms of degree d>l with no 
common linear factor such that a(x, y) + b{x, y) + c(x, y) = 0, then the number of distinct linear factors of 
abc is at least d + 2. 

Proof of Corollary 1. We have Fr(x,y) — F4(X,Y) where X = Fr-^4(x,y),Y ~ Gr-A(x,y) (which have 
degree d^~^). By Lemma 1, F4(X, Y) has at least three distinct linear factors in X, Y which must themselves 
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satisiy a linear equation with constant coefficients. Indeed, if the three hnear factors are X — aY, X — (3Y, X — 
7F, then 

(/? - 7)(X - oY) + (7 - a){X - PY) + (a - I3){X - 7^) = 0. 
If the three hnear factors are instead X — aY, X — (3Y, Y, then we use 

{X - aY) -{X- /3Y) + {a- P)Y = 0. 

The a6c-theorem for polynomials then implies that there are at least d''"^ + 2 distinct linear factors of 
{X - aY){X - PY){X - 7F), and hence of F^iX, Y) = Fr{x, y). 

4. Pre-periodic points and super-primitivity 

We use the following result from Diophantine approximation: 

The Thue/Mahler Theorem. Suppose that F{x, y) G K[x, y] is homogenous and has at least three distinct 
linear factors (over K[x, y]). Let S be any finite set of primes of K. There are only finitely many m/n € K 
such that all prime factors of F{m, n) belong to the set S . 

See [2, Thm. 5.3.2] for a proof.^ With this tool in hand wc can complete the proof of Proposition 1: 

Proof of Proposition 1. Write j/o = and yk+i = <P{yk) for each fc > 0. Let ro — 0, sq = 1, and choose 
rfc, Sfc e i? — the ring of integers of K — so that yt = rk/sk for each fc > 0. If = 00, let rk = l,Sk = 0. 
As is prcporiodic. we may assume there arc only finitely many elements and Sk- Let S be the sot of 
prime ideals that either divide for some fc > 1 or that divide Resultant(F, G). Note that S is finite since 
rj ^ for all j > 1, and / and g have no common root in K. We may also enlarge the set S so that the ring 
of S'-integcrs Rs is a principal ideal domain. 

Let P be a prime ideal that is not in S, and divides the rational prime p, so that R/PR = ¥g for q some 
power of p. Then V^{R/PR) = pi(Fq) = U {00}. We identify P with the prime ideal PRs in Rs- There 
is a canonical isomorphism R/PR ^ Rs/PRs- 

At most one term of the sequence {xn}n>o is equal to 00, so we may assume that n is large enough 
that Xn 00. Write each Xk = Uk/vk S K with Uk,Vk S Rs and {uk,Vk) = (1). We will now prove, by 
induction, that if the prime P divides u,n, then {u„i-f-k '■ "fm+fe) = {rk ■ Sk) S f^{R/ PR) for each fc > 0. 
For fc = our claim simply restates that P divides Um, since sq = 1 and P \ Vm- For fc > 1 let us begin 
by noting that if (a, 6) = (1) then P does not divide gcd{F{a,b),G{a,bj) (else P divides Resultant (F, G), 
and so P e S. a contradiction), and so if (j){a/b) = A/B then (F(a, &) ; G(a,6)) = {A : B) in T^{R/PR). 
Now suppose {um+k '■ Vm+k) = (fk '■ Sk), SO there exists an element r G Rp, not divisible by P, with 
Um+k = rrk (mod P) and Vm+k = rsk (mod P), and hence F{um+k,Vm+k) = T'^F{rk,Sk) (mod P) and 
G{um+k, Vm+k) = T'^G{rk,Sk) (mod P). Therefore if {um+k ■ v„i+k) = {rk : Sfe), then in F^{R/PR) we have 

{Um+k+l ■■ Vm+k+l) = {F{Um+k,Vm+k) ■ G {Um+k , Vm+k)) = {T'^F{rk,Sk) : T'^G{rk,Sk)) = (ffc+i : Sfc+i). 

We deduce that if prime ideal P is not in S then P divides at most one Um- For if prime P divides 
u„i and Un with n > m, then P\rk with fc = n — m by the previous paragraph. Hence P G S, which is a 
contradiction. 

Let Af be the set of integers n > such that all prime factors of u„ are in the set S. Now F4{un-4, Vn-4) 
equals u„x gcd(F4(M„_4, f„_4), G4('u„_4, w„-4)) so that if n G A/" then all prime factors of _F4(?i„_4, Vn-i) are 
in the set S. Note that (j){t) ^ T as is not a periodic point. Hence, by Lemma 1, F4 has at least three distinct 
linear factors, and therefore, by the Thue/Mahler theorem, there are only finitely many Un-4/vn-i € K such 
that all prime factors of F4(w„_4, w„_4) belong to the set S. We deduce that there are only finitely many 
n G N, since {xn}n>Q is not eventually periodic. 



^Although we will not need it at present, the Thue/Maliler Theorem can be made effective. One reduces its proof to the 
solution of a unit equation, and unit equations axe effectively solvable by BaJser's method. See [2, §5.4] for a discussion. 
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Finally, if m ^ A/", then Um has a prime ideal factor not in S, and we have seen that Pm cannot divide 
Un for any n^m. Moreover, Pm cannot divide Vm since {ura,Vm) = (!)■ 

Finally we prove a version of Proposition 1 in the case that is periodic (this includes, for instance, the 
main result of [5]). 

Proposition 1'. Let K he a number field. Suppose that <f){t) e K{t) \ T has degree d>2, and that is a 
periodic point. If the sequence of K-rationals {.t„}„>o is not eventually periodic, then the numerator of Xn 
has a primitive prime factor P„ for all sufficiently large n. 

Remark 1. It is not hard to see that if e T, then the conclusion of Proposition 1' does not follow. Indeed 
a prime dividing a;„ for some n > 0, divides xq in T(i), and x\ in T(ii), and in T(iii) where 5 is the least 
non- negative residue of n (mod 2). 

Remark 2. In the proof of Proposition 1' wc actually construct a sequence {u*}„>o of algebraic integers of 
K, where the numerators m„ of product of powers of with m < n; and we show that u* has a 

super-primitive prime factor P„ for all sufficiently large n. Proposition 1' then follows. 

Remark 3. Ingram and Silverman [2] conjecture that if (]){t) G K{t) has degree d > 2, and if is not a 

preperiodic point, then for the sequence of if-rationals {.x„}„>o starting with xq = 0, the numerator of .t„ 
has a primitive prime factor for all sufficiently large n. This does not seem approachable using our methods. 

Proof of Proposition 1'. This is largely based on the above proof when is preperiodic and not periodic, 
but has some additional complications. Suppose that has period q. Then Fq{x,y) = x^F*{x,y) for some 
integer 6 > 1 and F*{x, y) e R[x, y\ where -F*(0, 1) ^ 0. Therefore ii n> q then 

Fn{x,y) ^ Fq(Fn-q{x,y),Gn-q{x,y)) = {Fn^q{x,y)^ F* {Fn-q{x , y) , Gn-q{x , y)) , 

SO we define F*{x, y) = Fn{x, y)/ Fn-q{x, y)^ € R[x, y], and we let F*{x, y) = Fn{x, y) \in < q. Note that 

Fn{x,y)= n K-j^{x,yf- 

0<i<[n/9] 

Write 1/0=0 and yk+i = <j>{yk) for each fc > 0. Let S be the set of primes of K that either divide 
the numerator of yu for some yk ^ 0, or that divide Resultant (F, G), or that divide F*{Q, 1). This set is 
finite since is periodic. Enlarge the set S if necessary so that the ring of S'-integers Rs is a PID. Write 
Vk =i'k/sk € K with rk,Sk € Rs and {rk,Sk) = (1). There are only finitely many elements and Sk, since 
is periodic. 

Now write each Xk = Uk/vk € K with Uk,Vk € Rs and {uk,Vk) = (1). Suppose that the prime P is not 
in S and that m is the smallest nonnegative integer such that P divides F^{uo, Vq). Then m is the smallest 
integer such that P divides Fm{uo, vq), since F„,{x, y) is (as we saw above) the product oiF*{x, y) to various 
powers, over r < m. 

Proceeding as in the proof of Proposition 1, we see that P divides Fn{uo, vq) if and only if P divides the 
numerator of yn-m, which holds if and only if q divides n — m as P ^ S. So if P divides F*{uo,Vo) we 
must have that q divides n — m, and n > m. Now, if n > m let X = Fn-q{uo,vo),Y = Gn-q{uo,vo). As q 
divides n — m we know that q divides {n — q) — m, so that P divides P„_g(uo, vq) = X, and hence not Y 
(else P divides Resultant (F, G) which implies that P e 5, a contradiction). Now F*{uo,vq) = F*{X,Y) = 
F*{0, Y) EE r^P;(0, 1) (mod P), where £ = degF*. But P f Y'^F*{0, 1) as P ^ S, and so P docs not divide 
F*{uo, Vq). Hence we have proved that if P ^ 5, then there is at most one value of n for which P divides 
F:{x,y). 

If Fq{X,Y) has at least four distinct linear factors, then Fq{X,Y)/ X^ has at least three distinct linear 
factors. Now F*{x,y) = Fq{X,Y)/X^ where X = Fn-q{x,y) ,Y — Gn-q{x,y), and the result follows from 
the Thue/Mahler theorem, as in Proposition 1. (Note that the fact that 4>{t) ^ T is part of the hypothesis.) 



PRIME FACTORS OF DYNAMICAL SEQUENCES 7 

If Fq{X,Y) has no more than three distinet linear factors, select k >2 minimal such that Fkq{x,y) has at 
least 2k + 2 distinct linear factors. We know that such a k exists since Corollary 1 implies that F^q{x, y) has 
at least d^9-^ + 2 > 2^ + 2 = 2 • 8 + 2 distinct linear factors. Then Fkq{X, y)/F(ft_i)q(X, Yf has at least three 
distinct linear factors. Now F*{x,y) = Fkq{X,Y)/F(^k-i)q{X,y)'' where X = Fn-kq{x,y),Y = G„-kq{x,y), 
and the result follows from the Thue/Mahler theorem, as in Proposition 1. 

Remark 4- Propositions 1 and 1' imply the main results of [11], although no diophantine approximation was 
necessary in the cases presented there. 

Proposition 1' gives a unified means for finding prime numbers in certain residue classes. 

Application. Let be an odd prime power. There exist infinitely many primes of the form q"'k + 1. 

Proof. Consider the polynomial (f){t) = {t — lY + 1- Then (/)(0) = so that is a fixed point, but <j) ^ T . 
Let xq be any integer larger than 1. Clearly Xm oo as m ^ oo, and so Proposition 1' implies, after a 
small shift in notation, that Xn+m has an odd primitive prime factor p^ for all sufficiently large rn. By the 
definition of </>, we see that Xm+r — 1 = {Xm+r-i — 1)* for every r > 1, and so by induction, 

{Xm - 1)^" = Xm+n - 1 = -1 (mod Pm)- 

That is, Xm — 1 has order dividing 2q"' in the group (Z/p^^)^ • If the order of Xm — 1 is q^ for some j < n, 
then 

-l = {Xm-ir" = [{Xm-lfy =1 {mod Pm), 

a contradiction. On the other hand, if the order of Xm — 1 is 2q^ , then 

{Xm - 1)*^' = -1 (mod Pm) ^ Xm+j = {Xm " l)"^' +1 = (mod Pm), 

which contradicts the primitivity of Pm unless j = n. Hence Xm — 1 has order exactly 2g" in the group 
{Z/pm'Z)^, and consequently 2q" divides Pm — 1- That is, Pm = 1 (mod g"). Varying m, we produce 
infinitely many primes of this form. 

5. Dynamical systems with exceptional behavior at cxd, Part I 

In order to prove Theorem 1, we choose a point that falls into a cycle of length dividing A after exactly 
one step. The following lemma tells us this is always possible: 

Lemma 2. Suppose (j){t) E <C{t) has degree d > 2 and that A > 1 is an integer. There exists a point 

a e pi(C) = C U {oo} such that ^'^^ ((;6(q)) = (p{a), but (j)^'^'> (a) ^ a. 

Proof. Suppose not. If /3 is a fixed point of 0^^^', and if ^(7) = (3 then 7 is also a fixed point of 4''"^\ or else 
we may take a = 7. But then 7 = (^(^"-^'(0(7)) = (^(^~^)(/3) is unique, and so (3 is totally ramified for (j). 

In particular this implies that </)'(/?) = and so (^('^H/?))' = nf=~oV'(0^-'H/3)) = 0. Hence (3 has 
multiplicity 1 as a root of of (f)^^''{x) — a; by Lemma A.l. Therefore + 1, the number of fixed points of 
(jy^'^^x) — x, by Lemma A. 2, equals the number of such /3, which is no more than the number of totally 
ramified points of (j). This is at most 2, by the Riemann/Hurwitz formula (for any map (p) and so we have 
established a contradiction. 

Define £ to be the class of rational functions 4>{t) S C(t) of degree d > 2 which are either of the form (i) 

(j){t) = t-\ — — for some polynomial g{t) with deg{g) = d—1, or of the form ^ = o ^ o a for some linear 
9{t) 

t^ 

transformation aif) = \t + (3 with A ^ 0, where^ (ii) '^(t) = -^jZTi 7> or (iii) ^'(0 = ^ 7- 



'a here has no denominator, which means that 00 is fixed under the transformation a. 
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Lemma 3. Let (j){t) G C(f) be a rational function of degree d>2 and A a positive integer. // A > 2, or if 
A = 1 and (j)(t) ^ £, then there exists a G P"'"(C) such that 4>^'^\(j){a)) = (j){a), (j)^^^a) ^ a and 4>{a) ^ oo. 

Proof. Wc proceed as in the proof of Lemma 2: Suppose that the result is false. If /3 ^ oo is a fixed point 
of then P is totally ramified for (f>, and 4'~^{P) is another fixed point of Moreover /3 is a fixed 

point of multiplicity one for (p^^^ by Lemma A.l. So if there are r finite fixed points of (j), and R finite fixed 
points of (t)^^\ then r < i? < 2 by the Riemann/Hurwitz formula (using the fact that the fixed points of (j) 
are a subset of the fixed point of 4'''^^ ). If oo has multiplicity as a fixed point of </>, then Lemma A. 2 gives 

k + r = d+l. 

We deduce that fc = d+ l — r>2 + l — 2 = 1; that is, oo must be a fixed point of (f), and hence of (/)('^). 
So either the finite fixed points of (j)^^^ are also fixed points of </>, or there are two finite fixed points /?, 7 of 
(j>^^^ such that (/){(}) = 7 and (/)(7) = /3. In either case we know that the finite fixed points of (f>^^^ are totally 
ramified for (j>. 

Now suppose that we have two finite fixed points /3, 7 of (j)^^^ and change coordinates so that /? 1-^ 0, 71-^ 
00, and 00 I— > 1 to obtain a new function iIj. (When we say "change coordinates so that a b" we mean 
"replace (j) with = o (j> o a," where cr is a fractional linear transformation such that a^^{a) = b. Then 
a is a fixed point of (p if and only if 6 is a fixed point of ip.) Now ^ is totally ramified at and 00, with 
pre-images and 00, and V(l) = 1) so that ip{t) = t^"^. As 1) we see that 1 is a fixed point of tjj 

of multiplicity 1. Counting fixed points of tp using Lemma A. 2 and the fact that r is the number of fixed 
points distinct from 1 gives 3< l + r = (i+l<3; that is, r = d = 2 = i?. Now tp'^^^ {t) = (as and 00 
must be fixed), which has 2^ + 1 distinct fixed points, so that 2'^ + l = l + i? = 3, and so A = 1. Hence 
the only possibility is ■tjj{t) = t^ , and we obtain £{i\i) as o tp o a with a{t) = t/{t + 1). Note that the 
coordinate change at the beginning of this paragraph moved 00 1-^ 1 and then this last coordinate change 
sent 1 1— > 00, so that 00 was not moved in their composition. This corresponds to a change of coordinates of 
the form cr(i) ~ Xt + pi for some A 7^ 0. 

Henceforth we may assume R < 1, so that the multiplicity of 00 as a fixed point of satisfies k = 
d+l — r>d+l — R>2. By Lemma A. 3(1), we know 00 has multiplicity as a fixed point of (f>^^\ and so 
d^ + 1, the number of fixed points of equals k + R = d+l-r + R<d+2. Hence d(d^-^ - 1) < 1, 
which implies that A = 1. 

If R = 0, then 00 is the only fixed point of (p, which means (p{t) — t = l/g{t) for some polynomial g{t) of 
degree d — 1, from which we obtain 

If i? = 1, that is P is the only finite fixed point of (p, replace (p with (p{t + /3) — /3. Now (p{t) = t'^'/git), and 
the numerator of (p{t) —t = t{t'^~^ — g{t))/g{t) has only one root, so that g{t) = t"^"^ + c for some constant 
c ^ 0. Taking ip{t) = X-^(p{Xt) with X'^''^ = c gives £{ii). 

6. Differences in the terms of dynamical sequences, Part I 

Theorem 1 is closely related to the following result. Theorem 1', which gives primitive congruences in 
projective space. Their proofs are almost identical except that we need to be cautious about primes dividing 
the denominator in order to deduce Theorem 1. Theorem 1' is perhaps more aesthetically appealing than 
Theorem 1 due to the fact that its conclusion holds for every rational function. 

Theorem 1'. Suppose that (p{t) e Q(t) has degree d>2, and a positive integer A is given. Let xq G Q and 

define Xn+i = (p{xn) for each n > 0. // the sequence of rationals {.7:,i},i>o is not eventually periodic, then for 
all sufficiently large n there exists a prime Pn such that Xn+A = Xn in P^(Fp^), but Xm+A ^ Xm in- ^^i^p„ ) 
for any m <n. 

Proof of Theorem, 1' , and then of Theorem 1. Choose a point a e P^(Q) such that i/)'^'^^ (0(a)) = ^(q;), but 
0('^'(q:) 7^ a, by Lemma 2. If A > 1 or if 4>{t) ^ £, then we also insist that (p{a) ^ 00, by Lemma 3. Note 
that a is preperiodic, but not periodic for (p. 
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If a G C then define tp{t) := (j){t + a) — a, else if a = oo set ip{t) :— l/(t>{l/t). Note that is preperiodic, 
but not periodic for tjj (and so ^ T). Note that tp{t) £ K{t) for some finite Galois extension X/Q(a). 

If a e C then let = xq — a and Un+i = i^iVn) for each n > 0; one can easily verify that y„ = a;„ — a 
for all n > 0. If a = oo then let yo = l/a;o and yn+i = tpiVn) for each n > 0; now, y„ = l/xn for all n > 0. 

We apply Proposition 1 to the sequence {y„}„>o, so proving that the numerator of x„ — a if a e C, and 
the denominator of a;„ if a = oo, has a super-primitive prime factor Pn (in K) for each sufficiently large n. 
By taking n a little larger if necessary, we may assume that 

(i) No Pn divides Resultant (F, G) 

(which guarantees that (j){t) induces a well-defined map of degree d on (F,) by canonically reducing 
each of its coefficients modulo P„, where = R/PnR is the finite field with q elements); 

(ii) No Pn divides the denominator of 4>{a) if (f){a) ^ oo; and 

(iii) (j)'-^\a) ^ a (mod Pn) for any P„ 

(where the congruence is taken in F^{R/PnR), so that if a = oo then condition (iii) means that P„ 
does not divide the denominator of <^^^^(oo)). 

We exclude only finitely many prime ideals in this way since F{x,y) and G{x,y) have no common linear 
factor over Q, and since a is not periodic. 

The definition of a and the fact that P„ divides the numerator of a;„ — a yields 



3^n-|-l-|-A 



0(^ + 1) (.X'n) = (^(^+'^(a) = 0(a) = (f>{Xn) = Xn+1 (mod Pn 



(i.e., in P^(i?/P„i?)). If Pn is the rational prime divisible by P„ then Xn+i+A = Xn+i (mod p„), since 
2^n-i-i-i-A — Xn+\ is rational. Note that if A > 1 or if (/)(t) ^ £, then (j){a) ^ oo, and so, by condition (ii), p„ 
does not divide the denominator of Xn+i or .t„+i+a- 

We claim that Pn is a primitive prime factor of Xn+i+A — Xn+i- Indeed, suppose that Pn is a factor of 
Xm+i^ — Xm for some m < n + 1. Then 

<^(^)(a) ^ </.(^n^n) = cl)^^\&-"'Hx„,)) 

= (a:„+ a) = (/-("-"^x™) ^xn = a (mod P„), 

contradicting the assumption in (iii). We conclude that p„ is a primitive prime factor of .t^+i+a — Xn+i 
and, changing variable to = n + 1, we deduce that there exists a primitive prime factor p„ of xn+a — xn 
for all sufficiently large N. 

This completes the proof of Theorem 1'. It also finishes the proof of Theorem 1 when A > 1 or when 
A = 1 and (j){t) ^ £, so it remains to treat the case A = 1 and (j){t) G £. Let x„ — Un/vn for coprime integers 
Un,Vn- By Theorem 1', either the numerator of Xn+i — Xn or Vn, the denominator of Xn, has a primitive 
prime factor p„. 

Now if 0(i) = t + l/g{t) for some polynomial g{t) of degree d — I, then 

1 v^^'^ 

Xn+l Xn — 0(^n) Xn — 7 T j_i ; ^ 

9{Xn) Vn 'giUn/Vn) 

Evidently the numerator is divisible by p„, being a power of Vn, except perhaps if p„ divides the leading 
coefficient of g (which can only occur for finitely many n). This completes the proof of Theorem 1 for such 
functions ^{t). 



Similarly if X(l){t) + /? = , , -, ■ then 



w X \Af \ \ {XXn+0) {XUn+PVn)v^ 

X{Xn+l - Xn) = X(j){Xn) - Xx„ = ' - 



(Aa;„+/3)'^-i + l (Aw„ + /3z;„)d-i + ^-i ' 
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which is divisible by p„ when d > 2 since ?;„ is in the numerator, except perhaps if Pn divides the numerator 
of A. (Note that /3 and A need not be rational, but the conclusion follows anyway upon consideration of 
prime ideal divisors.) 

For d = 2 we study the function ip{t) = -, proving that ip'"^~^^\t) — il^^^\t) = p- where gr{t) is a 

monic polynomial in Z[t] of degree 2"", by induction. For r = we have this with go{t) = t + 1 by definition. 
For r > 1 we have, using the induction hypothesis, 



gr-lim) {t + ir-'gr-l{^,) 9r{ty 

Hence the prime divisors of the numerator of always the same, namely the prime divisors of 

the numerator of Xq- Similarly, for (f){t) obtained through the linear transformation t i-^ Xt + f3, the prime 
factors of the numerator of Xr+i — Xr are always the same, namely the prime divisors of the numerator of 
Xxq + j3 and the prime divisors of the denominator of A. 

Finally, we show that the rational functions £^(iii) are truly exceptional: For ^(f) = we have 1 + ^j^j = 

(l + i)^, and so 1 + = (l + i)^ by an appropriate induction hypothesis, which implies that 

^(r)(t) = 1- and i,^^+'\t) - = + - ^^^^ + 



Therefore the prime divisors of the numerator of x^+i — a;,, are always the same, namely the prime divisors of 
the numerator of xq{xo + 1). Similarly, for (f)(t) obtained through the linear transformation t^\t + (3, the 
prime factors of the numerator of Xr+i — Xr are always the same, namely the prime divisors of the numerator 
of (Aa;o + 0){Xxo + (3 +1) and those of the denominator of A. Q.E.D. 

Remark 5. It is desirable to remove the Thue/Mahler Theorem from the above proof, because, even though 
it is effective, the constants that come out are so large as to be of little practical use. Moreover, the constants 
should grow with the field of definition of a (as chosen in the proof), and thus one should not expect any 
strong uniformity in A to come from this argument. So, do we really need the full power of the Thue/Mahler 
Theorem in this proof? In fact it may be the case that our proof can be modified to show that the exceptional 
Un must divide a particular non-zero integer (rather than only having prime factors from a particular 
finite set). If we examine the proof above then we see that this idea works fine for the primes P„ of types (ii) 
and (iii). It is the primes that divide that resultant (i.e., those of type (i)) that require careful consideration 
to determine whether their effect can be understood in this way. 

Remark 6. In the introduction we gave the example xq = 1 with Xn+i = a;^/(2a;„ + 1) so that a;„ = p 

and Xn+i — Xn = ~ f„+i-2 - Another amusing example is given by the "Euclid numbers" Eq = 2 and En+i = 
— En + 1. (The terms arc 2, 3, 7, 43, . . . , which can occur in a version of Euclid's proof of the infinitude of 

primes, based on the fact that En = En-iEn-2 ■ ■ ■ Eq + I). Now let xq = 1 with Xn+i = x"^/ (a;„ + 1) so that 
= E ^-1 ' ^^'^ Xn+i — a;„ = — -g-, so that there are never prime divisors of the numerator of Xn+i — Xn- 

Remark 7. One could instead use Proposition 1' to prove Theorem 1. In this case, we would have to select a 

point a G P^(Q) that is periodic with period dividing A, but that is not totally ramified. This allows us to 
change coordinates to obtain a new rational function that is not in T. One can always choose a fixed point 
a with this property, and then the proof proceeds essentially as above. 

Remark 8. If p does not divide Resultant (F, G) and p divides the numerator of Xn+A — a;„, then 



Xn+l+A = 4>{Xn+A) = H^n) = Xn+1 (mod p), 
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and so p divides the numerator of a;„+i+A— Iterating we find that p divides the numerator of Xm+A—Xm 
for all m> n. 

We can also ask to understand the power of p appearing as a factor in each subsequent term. Prom 
the Taylor expansion (j){t + h) = (f>{t) + h4>'{t) + !^(j)"{t) + ■ ■ ■ with h = (f)'^^\t) - t, we deduce that 

^(A+i)(^-) - ct){t) - {4)'-'^\t) - f)(})'{t) is divisible by ((/)(^)(*) - *)^- Taking t = .x„ we deduce that .x„+a - a^n 
divides a;„_|_i_|_A — Xn+i, up to a bounded quantity, so we recover the result of the previous paragraph. But 
we can go much further assuming that the numerators of (j)^^\t) — t and have no common factor. If 
so, then the gcd of the numerators of — .x„ and (f)'{xn) divides the resultant of the polynomials in 

the two numerators, which is non-zero. Hence for all but finitely many primes p„, if p^\\xn+A — Xn where 
Pn t for all m < n, then p^\\xn+a — xn for all N > n. 



7. Baker's Theorem and primitive prime factors 

Baker's Theorem, (fl, Thm. 3]) A rational map of degree d > 2 defined over C has a periodic point in 
P"'^(C) of exact period A > 2 except perhaps when A = 2, d = 2, 3 or 4, or when A = 3,d = 2. There exist 
exceptional maps in each of these four cases. 

The exceptional maps in Baker's theorem are also exceptions to our Theorem 2, as is shown by Lemma 4 
below. The exceptions were classified up to conjugation by a linear fractional transformation by Kisaka 
[7]; see Appendix B for the classification. As in the introduction, let us write BA,d for the set of rational 
functions of degree d with no point of exact period A; so 82,2 U 82,3 U 82,4 U ^3,2 is the set of exceptions in 
Baker's Theorem. 

Lemma 4. Suppose (pit) G Bam H Q(t) is a rational map of degree d with no periodic point of period A. 

There exists a finite set of primes S such that for any u/v £ Q, either <l)(u/v) ~ 00, (l)'^^^{u/v) = 00, or else 
every p ^ S that divides the numerator of (p^^^u/v) — u/v is also a factor of the numerator of (p{u/v) — u/v. 



Proof. Write 

(pix/y) - x/y = 
(p^^Hx/y) - x/y = 



Ai{x,y) 
Bi{x,y) 

BAix,y)' 



where Ai{x,y), Bi{x,y) € are homogeneous polynomials such that Ai and Bi (resp. A^ and B^) 

share no common linear factor over Q and no common factor in their content. (Recall that the content of a 
polynomial with integer coefficients is the greatest common divisor of its coefficients.) As (p{t) has no point 
of exact period A, every solution in P^(Q) to (^('^^(a) = a must also be a solution to cp{a) = a. (Here 
we are using the fact that A = 2 or 3 is prime.) In particular, any non-constant factor of A^{x,y) that is 
irreducible over Z is also a factor of Ai{x, y). 

Define S to be the set of primes dividing Resultant ( Ai, _Bi) together with those primes dividing the 
content of Aa. We may assume that (f>{u/v) and (p^'^\u/v) are not equal to infinity, and also that u,v are 
coprime integers. Suppose p ^ S is a, prime factor of the numerator of (p'^^\u/v) — u/v. Then p \ Aa{u, v), 
and consequently there exists an irreducible factor (over Z) of ^a, say Q{x, y), such that p \ Q{u, v). By the 
last paragraph, we know Q{x,y) divides Ai{x,y), and hence p \ Ai{u,v). Now p \ Bi{u,v) since otherwise 
p I Resultant (j4i, Si). We conclude that p divides the numerator of <p{u/v) — u/v. 



Corollary 2. Suppose (A, d) is one of the exceptional pairs in Baker's Theorem, and let (j){t) e BA,d<~^^ 
There is a finite set of primes S with the following property. If we define xq G Q and Xn+i — 4'{xn), and 
if the sequence {x„}n>o is not eventually periodic then, for all n sufficiently large, any prime p ^ S that 
divides the numerator of Xn+A — Xn must also divide the numerator of Xn+i — a;„. 
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8. Dynamical systems with exceptional behavior at infinity, Part II 

Recall that pA,n is a doubly primitive prime factor of Xn+A—Xn if PA,n divides the numerator of Xn+A—Xn, 
and UN >n and D > A whenever pA,n divides the numerator of xm+d — xm- To produce a doubly primitive 
prime factor of the numerator of Xn+A — Xn, we want an a € P^(Q) such that 0(a) is not oo, and (pia) has 
exact period A, while a is not itself periodic. This will allow us to apply Proposition 1 inductively as in the 
proof of Theorems 1 and 1'. 

Lemma 5. Suppose 4){t) e C(t) is a rational function of degree d > 2, and let A > 1 be an integer. There 
exists a point a G P^(C) = C U {oo} such that (j){a) has exact period A, (j){a) ^ oo, and (j)^^\a) ^ a unless 

(1) A = 1 and (p{t) G £ (see ^5 for the definition of £); or 

(2) A = 2 and (j){t) = a + 1/ g{t — a) for some a € C and some quadratic polynomial g{t) G C[t] such 
that g{0) = 0, but g{t) ^ ct^ for any complex number c; or 

(3) A = 2 and (j) = oipo a for some u{t) = {at + 0)/{'yt + 6) with a5 - [3^ ^ 0, and 'ip{t) = 1/t^; or 

(4) A = 2 and cf) <E B2,d some d = 2, 3, 4 (see §7 for the definition of BA,d); or 

(5) A = 3 and cf) e 8:^,2 

Proof. Assume that no such a exists. Baker's Theorem states that if (p has no point of exact period A then 
we are in case (4) or (5). So henceforth assume that (p has a point 7 of exact period A. Every point in the 
orbit of 7 must also have exact period A, and hence there arc at least A points of exact period A. 

As in the proofs of Lemmas 2 and 3, if /3 ^ 00 has period A, then /3 must be totally ramified for cp else 
there would be an a as desired with (f){a) = /3. There are no more than two elements that are totally ramified 
for (any rational map) (p, hence there can be no more than three points of exact period A (that is, 00 and 
the two fully ramified points). Hence A < 3. 

The case A = 1 is given by Lemma 3 in §5: The exceptions are precisely those in £; that is, case (1). 

If A = 2 or 3 then all of the points of exact order A must be in a unique orbit, else there would be at 
least 2A > 4 points of exact order A, a contradiction. 

So, if A = 3 then there is exactly one orbit, containing 00 and two totally ramified points which, we will 
show, is impossible. Wc may conjugate by a linear fractional transformation in order to assume the totally 
ramified points are and 1, and that the other fixed point is 2. We suppose that (p{2) = 1, </)(!) = 0, (p{0) = 2. 
The only possible rational function with these ramification conditions is 



2d+i(f_i)d_(^_2)d' 
so that 

^(3)m r ^(A2)M, , {l~t)2'^+\c^('\t)^ir + t{cp('Ht)-2r 
<P^\t)-t = <P{<P^ \t)) - t = 2'^+i(0(^)(t)-l)'^-(0(^)(t)-2)'^ ■ 

We choose homogeneous polynomials F2{x,y),G2{x,y) € C[a:,y] of degree = deg^^^^ with no common 
linear factor so that cp^'^^ [x/y) = F2{x,y)/G2{x,y) after clearing denominators. (One can use the polynomials 
defined in §2, for example.) The numerator of <p^^\x/y) — x/y is therefore 

Nz{x, y) = {y- x)2''+' {F2{x, y) - G2{x, yjf + x {F2{x, y) - 2G2{x, y)f . 

Dividing through by the common factors x{x — y) we will apply the a6c-theorem for polynomials (§3). Note 
that the number of distinct linear factors of Nz{x,y) is 3 plus the number of distinct fixed points of 0(f), 
which is at most 3 + (c?+l) = d + 4. Hence the total number of distinct roots in our a&c-equation is at most 
2deg0(2)+d+4. The a6c-theorem implies that (ddeg 0(2) _ l) + 2 < 2 deg 0(2) +(^+4^ hence d^{d-2) < d+3, 
and so = 2. When d = 2 we find that the numerator of (p^^\t) — t\s 

tit - l){t - 2){7t^ - Ut^ + 8)Ni(t), 
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where Ni{t) is the numerator of (j){t) — t. It follows that we have a second cycle of exact order three, consisting 
of the roots of 7t^ — lAt^ + 8. But this contradicts our hypothesis that only one orbit of length 3 exists. 

We know that if A = 2 then there is a single orbit of length 2. If both points of order 2 are totally 
ramified, we change coordinates so that the 2-cycle consists of and oo, and that 1 is a fixed point. Then 
V'(t) = ^/f^, and hence 

^{t) - i = (1 - t'^+^)/t'^; V^^HO - i = tif^''^ - !)• 

Since there are no points of exact order 2 other than and oo, hence all of the {(fi — 1)"^ roots of unity (which 
satisfy ip'^'^\t) = t) must also be [d + l)**^ roots of unity, so as to satisfy il){t) = t. Hence — 1 < d + 1, 
and thus d = 2 and tp{t) = l/t"^. It follows that any rational map of the form (j){t) = {a~^ o tp o a){t) with 
a{t) = {at + P)/ {jt + 5) and aS — 0j has a unique periodic orbit of length 2 consisting entirely of totally 
ramified points, yielding case (3). 

Finally suppose that A = 2 and there is a unique cycle of length 2 consisting of oo and one totally 
ramified point, a G C. We may assume oo is not totally ramified, else we are in the previous case. We 
have = a + l/g{t — a) where deg{g) = d and ^'(O) = 0, and g{t) ^ cf^ for some complex number c. 
The remainder of the proof follows the strategy of Baker's Theorem. The map (j)^'^^ has rf^ + 1 fixed points 
counted with multiplicity (Lemma A. 2). Two of them are a and oo, which each have multiplicity 1 since 
the fixed point multiplier of 0^^^ at a and oo is zero (because {(p^^^y{a) = (^(^))'(oo) = (j)'{oo)(p'{a) = as 
a is ramified). All of the remaining fixed points of (p^'^^ must be fixed points of (j) as we are assuming there 
are no other periodic orbits of length 2. By Lemma A. 3, each of the remaining fixed points (3i € C falls into 
exactly one of the following categories: 

(i) The fixed point multiplicity of pi for and 0'-^-' is 1. Suppose there are M fixed points of this type. 

(ii) The fixed point multiplicity of f3i for (/> is £i > 1, which implies the fixed point multiplicity for 0^^^ is 
also ii. 

(iii) The fixed point multiplicity of Pi for is 1, and the fixed point multiplicity of Pi for 0^^' is 2ki + 1 
for some positive integer A;,. Suppose there are r fixed points of this type. 

As has exactly d+1 fixed points (always with multiplicity), we may add up the fixed points of these types 
to find 

d+l = M + 

Applying the same reasoning to 0'^^ and noting that we must also count and oo, we have 

rf2 + l = 2 + M + ^£i + ^(2ki + 1) = 2 + M + J2^i + r + '2^ki. 

Subtracting the first of these equations from the second gives d"^ — d = 2 + 2^ hi, or ^ ki = ^{d'^ — d — 2). 
On the other hand. Lemma A. 3 also tells us that each of the type (iii) fixed points Pi attracts ki distinct 
critical points. Since a critical point can only be attracted to a single one of the Pi, we see that there are 
J2h distinct critical points attracted to the set of fixed points {Pi}. By the Riemann/Hurwitz formula, 
there are exactly 2d — 2 critical points (with multiplicity). Now oo is a critical point of order d — 1 (as a is 
totally ramified), but it is also a periodic point, so it cannot be attracted to one of the Pi. Hence 

^(rf2-d-2) =^fc, <d-l^d<3. 

If d = 2, then has three fixed points counted with multiplicity, and 0^^^ has 5 (Lemma A. 2). Hence 
there are exactly two points of exact period 2, namely a and oo. This yields case (2). 

If d = 3, let us change coordinates so that a — 0. Now (f>{t) — l/g{t), where g{t) = at^ + bt^ + ct and 
a ^ 0. Choosing 5 £C such that 5'^ = and replacing 0(t) by 5~^(j){5t), we may even suppose that a = 1. 
A direction calculation shows the numerator of 0(t) — Ms 
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while the numerator of (fP'^ {t) — tis 

tit"^ + bt^ + ct^ - 1) (t^ + 2ht^ - (-6^ - c)t^ + bet + 1) . 

Therefore (p has a second periodic orbit of length 2 if the polynomials + bt^ + dP' — 1 and + 2bt^ — 
(—6^ — c)t^ + bct+l have no common root. The resultant of these two polynomials is 6* — 46^c + 16, which 

shows that they have a common root if and only if 6 7^ and c = (6"* + 16)/46^. Let us now assume that 
c = (6** + 16)/46^, in which case the numerators of (f){t) — t and 4'^^\t) — t become 

{2t + b){2bH^ + bH"^ + 8t- 46) and t{2t + bf{2bH^ + bH"^ + 8i - Ab){AbH'^ + Atb^ + 166^). 

The roots of the final factor AbH"^ + Atb^ + 166^ yield a new periodic orbit of length 2, a contradiction. 

Lemma 5 is used in the proof of Theorem 2 as in the following: 

Lemma 6. Suppose that (j){t) S Q(t) is a rational function of degree d > 2, and that there exists a point 
a G P^(Q) such that (/)(q) has exact period A > 1, (j){a) ^ 00, and (l)^^\a) ^ a. Let xq € Q and define 
Xn+i = 4>{xn) for each n > 0, and suppose that the sequence {a;„}„>o ^5 not eventually periodic. Suppose 
that P is a prime ideal that does not divide Resultant (/, 17) (where </> = fig), and thatp is the rational prime 
divisible by P. If P divides the numerator of Xn — a, but neither the denominator of a nor 4>{a), and neither 
the numerator of (j)^^\a) — a nor (j)^'^\(j){a)) — </>(«) for any 1 < d < A, then prime p divides the numerator 
of xn+d — Xn if and only N > n + 1 and A divides D. 

Proof. We begin by noting that 

Xn+A+l = (j)''^\(j){Xn)) = 0'^^^(0(a)) = (/)(«) = (j){Xn) = Xn+1 (mod P), 

and so p divides the numerator of x„+i+a — Xn+i- (We have used the fact that P does not divide the 
denominator of 4'{a).) 

li N = n + j (mod A) for 1 < .7 < A with N > n then Xn = Xn+j (mod p). To see this, we proceed by 
induction onA^>n+l + A since 

XN = <^(^-("+i+^))(a;„+i+A) = <^(^-("+i+^»(2;n+i) = XN-A (mod p). 

We now prove that if p divides the numerator of Xn+d — xn, then A divides D. If not let D = d (mod A) 
where 1 < d < A, and select m a large integer such that m = n+1 (mod A). Then, using the congruences 
of the previous paragraph, 

Xn+l = Xm = 0^'"~^Hxjv) = (/)(™~^) (xjv+d) = Xm+D = Xn+l+d (mod p). 

Hence 

(j){a) = 0(.T„) = xn+i = Xn+l+d = (p^^-^^\xn) = (mod P), 

which contradicts the hypothesis. 

Finally suppose that p divides the numerator of xn+d — xn with N < n and A divides D. Then 

Xn = <j)''"'~^\xN) = (f)''"'~'^\xN+D) = Xn+D = Xn+A (mod p), 

using the congruence from two paragraphs above, and so 

a = Xn = Xn+A = <f>^^\xn) = (j)^^\a) (mod P) 
which contradicts the hypothesis. 
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9. Differences in the terms of dynamical sequences, Part II 

Now wc give the proof of Theorem 2. We recall the statement for the reader's convcnicnc;c. Define T\ to 
be those (/>(t) € Q(t) of the form a o o , for some linear transformation a{t) = Xt + P with A ^ 0, where 

%b{t) = or . 

' t + l 2t+l 

Define J^2 to be the imion of B2.d for c? = 2, 3, 4 along with all rational maps <4){t) of the form (j) = oijjoa 
for some a{t) = {at - f3)/{-ft - 6) with aS - f3-f ^ and ip(t) = l/t^. Define = ^3,2- 

Theorem 2. Suppose that (j){t) e Q(i) has degree d>2. Let xq S Q and define x^+i = 4i{xn) for each n>0, 
and suppose that the sequence {xn}n>o is not eventually periodic. For any given M > 1, the numerator of 

Xn+A — Xn has a doubly primitive prime factor for all n > a/nd M > A > I, except for those pairs with 
A = 1, 2 or 3 when </> € J-2 or T3, respectively, as well as for finitely many other exceptional pairs (A, n). 

Proof of Theorem 2. We proceed by induction on M, the case M = 1 being a consequence of Theorem 1. 
Suppose now that the result holds for all M < A'' — 1, and let us prove it holds for M = A'' > 2. By the 
induction hypothesis, wc find that the numerator of Xn+A — Xn has a doubly primitive prime factor pA,n for 
n > and — 1 > A > 1 other than for finitely many pairs (A, n), excluding those with A = 1, 2 or 3 and 
(j) & !F\,F2 or F3, respectively. Set A = N. 

Let us suppose that docs not belong to one of the corresponding exceptional classes of Lemma 5, in which 
case we can choose a e IP^(Q) so that 4'{a) has exact period A, (j){a) ^ 00, and (j)^^\a) ^ a. Proceeding as 
in the proof of Theorems 1' and 1, we obtain a sequence of prime ideals {Pa,™} of the Galois closure of Q{a) 
such that PA,n is a primitive prime factor of the numerator of a;„ — a for all sufficiently large n. Moreover, 
if PA,n is the rational prime divisible by PA,n, then PA,n is a doubly primitive prime factor of the numerator 
of Xn+i+A — Xn+i by Lemma 6, provided that Pa,™ is not one of the finitely many prime ideal divisors of 
the numerator of (j)^^\a) — a or (j)^'^\(l){a)) — (l>{a) for some 1 < < A — 1, or of the denominator of a or 
0(a). 

Now suppose that (f) belongs to case (2) of Lemma 5, so that A = N = 2 and that (^(i) — a + l/g{t — a) for 
some a G Q and some quadratic polynomial g{t) = bt^ + ct with be ^ 0. Define V'(i) = 4'{t + a) — a = l/g{t), 
so that is periodic of period 2 for ip and ip{0) = 00. Note ip ^ T (as in §3) since g{t) ^ ct^. Define 
yn = xq — a and yn+i = i^iVn)- Then ?/„ = x„ — a by induction. Let K/Q be a Galois extension containing 
(Q)(q). Invoking Proposition 1', we see there exists a prime ideal P2,„ of K that is a primitive prime factor of 
the numerator of y„ = a;„ — q for all sufficiently large n. We exclude the finitely many prime ideals P2,„ that 
divide the numerator or denominator of b or c. Note that, since ^{x/y) = y"^ /x{bx + cy) , Pj,™ is a primitive 
prime factor of the denominator of t/n_i, and hence for > n — 1, we have that P2,„ divides the numerator 
of j/jv ii N — n is even, and the denominator of j/at 'd N — n is odd. Moreover, if e is the exact power of 
P2,n dividing the denominator of 2/„_i, then 2'e is the exact power of P2,„ dividing the numerator of yn+21-2 
and the denominator of yn+21-1 for all I > 1. Hence ii a > b > n — 1 then Pj,™ divides the numerator 
of Xa — Xb = ya — yb if and only if a = 6 = n (mod 2). Now suppose that P2,„ divides the numerator of 
Xa- Xb = ya- Vb with b <n-l. If a < n - 1 we have y^-i = i^^'"^^^''\ya) = 2/«-i-(a-&) 
(mod P2,n)i so we may assume, without loss of generality that a > n — 1. Therefore P2^„ divides the 
numerator or denominator of ya, and so of yb (as Pj^n divides the numerator of their difference), which 
contradicts primitivity. In summary, we have shown that the numerator of xm+d — xjv is divisible by P2,n 
if and only if A^ > n and I? > 2 is even, and since xm+d — x^ \s rational, the same statement is true when 
P2,n is replaced by the rational prime p2,n dividing P2,n- This completes the proof for the maps from case 
(2) of Lemma 5. 

Now suppose that belongs to case (3) of Lemma 5, so that A = A^ = 2 and there exists a fractional linear 
tranformation cF{t) ~ {at + /?)/ {'^t + (5) such that (f) — oipoa with ip{t) — \/t^ . Set K = Q{a, f3, 7, S), let 
R be the ring of integers of K, and let 5 be a finite set of prime ideals of R such that the ring of S'-integers 
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Rs is a principal ideal domain, and such that a,/?, 7, 5 G Rs- (In particular, S contains all prime ideals 
dividing the denominators of a,/?, 7,(5.) Let j/o = ""(xq) and ?/„+i = ipivn) tor all n > 0. For each n choose 
UmUn G -Rs such that Un = Un/vn and {un,Vn) = 1- Note that Un = Uo = cr(a;„) for all n > 0. Then 



(q^ - /?7)(?Ai - Vrn) _ jaS - l3j){UnV„i - UrnVn) 



and in particular 



Xn — 



and 



Xn+2 



{jUn - aVn ) (7«^ - CtV^ ) (jUn - aVn ) (7W* - CtV^)' 



Let T] = ^Un — aVn- Now (un; Vn) — (1) SO that (w^j — ufi^,Un) — {v^ — u^,Vn) = (1), an equality of i?s-ideals. 
Hence {v^ - ul,r]{-fvl - aul)) = («n " ulviiv^ - = {v^ ~ m^, 77(7^3 _ aulv„)) = (v^ - ul'if). 

Similarly (u^ — u^,rj{'juf^ — avf^)) =■ (v\ — u^,?]^). Hence the prime factors in the numerator of Xn^2 — 
are a subset of those in the numerator of Xn+i — x.^. and those dividing UnVn, which are the same as those 
dividing uqVq . We deduce that there can be no doubly primitive prime factor of the numerator of Xn+2 — Xn 
for any n > 2. This completes the proof for the maps from case (3) of Lemma 5. 

Finally, if A = 2 or 3 and 4> S BA,d, that is cases (4) and (5) of Lemma 5, then Corollary 2 of §7 shows 
Xn+A — Xn fails to have a doubly primitive prime factor when n is large. Q.E.D. 



10. The density of prime divisors of dynamical sequences 

Given a sequence {.x„}„>o let V be the set of primes which divide the numerator of some non-zero clement 
Xn, and 'P{x) be the number of elements of V up to x. We will prove that for the Fermat numbers, one has 
V{x) <C a;^/^/ log a;. Although this bound is small compared to the total number of primes up to x, a simple 
heuristic indicates that the true order of magnitude of Vix) is probably some power of log log .t! 

Select integers m and N so that 2™ x^/^ and 2^ x"^/^. There are <C 2^/rn prime factors of 
FqFi . . .Fm-i =2^ — 1 by the prime number theorem. Any prime divisor p„ of F„ = 2^ + 1 is = 1 
(mod 2"+^^). There are < x/2" integers in this arithmetic progression, and so <C x/2^ such primes, in 
total, with n > N. The Brun/Titchmarsh theorem tells us that there are <C x/2" log(a;/2") primes = 1 
(mod 2"+^). up to X. If m < n < N, this is <^ x/2"logx, and so there are <C x/2'"logx such primes in 
total. Combining these observations yields the claim that V{x) <C x-^/^/logx. 

Presumably if {x„}„>o is a dynamical sequence, obtained from a rational function of degree d > 2, then 
it might be possible to prove something like 'P(x) <C x^-i/d+oW (except for certain degenerate cases, such 
as Xn defined as iterates of (j){t) = {t + p)^ — p for any prime p). We expect that the prime divisors of x„ 
belong to an increasingly sparse sequence as n gets larger, since the x„ are values of the iterated function 
(j)("^)(^t) for all n > m. Some result of this type should bo accessible from a study of the Galois groups of 
these extensions. In fact there arc several interesting results in the literature. First, Odoni [9] showed that 
for the Euchd numbers En (where Eq — 2 and En+i — E"^ — En + I) we have ViE) <^ 7r(x)/ logloglogx; 
and then in [10] the remarkable result that for "almost all" monic (j){t) S 1\t\ of given degree > 2 and given 
height, 'P(x) = o(7r(x)) no matter what the value of Xq G Z. Recently Jones [6] showed that V{x) = o{tt{x)), 
no matter what the value of xq E Z, for the polynomials (j){t) = t{t — a) + a,t^ + at — 1 {a 0,2), + a 
(o ^ -1), -2at + a {a^ -1, 1), where a e Z. 
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A. Appendix on complex dynamics 

Here we collect a few results that lie in the realm of complex dynamics on P-^(C) viewed as a Riemann 
surface. They are all well-known, and we either point the reader to a proof or give our own if it is relatively 
short. 

Let E C{t) be a rational fimction and let P G P"'^(C) be a fixed point of 4>. The fixed point multiplicity 
of P e C is the order of vanishing of (j){t) — t at t = P. If P = oo, we observe that l/(j){\/t) has a fixed point 
at t = 0, and we define the fixed point multiplicity of P = c» to be the order of vanishing of l/(f){l/t) — t at 
the origin. Note that l/0(l/i) = (cr"^ o(/)0(T)(t), where a{t) = 1/i is a fractional linear change of coordinates. 

Continuing with the notation from the last paragraph, we define the fixed point multiplier Ap to be the 
derivative (j)'{P) if P oo. If P = oo, define the fixed point multiplier to be 



dt \(l>{l/t) J t=o dt^ ^ ' 



t=o 



where as above, u(t) = 1/t. 

Next let us suppose that P e P^(C) is a periodic point of (exact) period m; i.e., (j)^"^\P) = P and this 
relation is false if we replace m by any smaller positive integer. Then (/)("^ (P) = P for any integer n divisible 
by m since (P) = (0^™) o o • • • o 0(™))(P) = P. Conversely, if 0(")(P) = P, then m | n, for if we 
write ri = mq + r for some < r < m, then (l)^''\P) = (j)(''\(l)(""i\P)) = (P) = P, which implies r = 
by minimality. 

Lemma A.l. Let (j){t) be a rational function of degree d > 2 and let P G P^(C) be a fixed point of 4>{t). 
The fixed point multiplicity of P is greater than one if and only i/ Ap = 1. In particular, if Xp = 0, then the 
fixed point multiplicity of P is exactly 1. 

Proof. We may assume that P 7^ oo by replacing <f){t) with \/(t){\/t) and replacing P — 00 with P = if 
necessary. Note that by definition this does not affect the fixed point multiplicity or the multiplier. Moreover, 
we may replace (p{t) by 0(t + P) — P in order to assume that P = 0. By the chain rule, this does not affect the 
fixed point multiplier. The fixed point multiplicity is unaffected because (j){t + P) — P — t = + P) — (t + P) 
has a zero of order m at t = if and only if (j){t) — t has a zero of order m at t = P. 

To prove the first assertion, we expand as a power series about the origin: = Xot + C2t^ + c^t^ H . 

Then (/>(t) — t= (Aq — l)t+C2t'^-\ and the result follows. The second assertion is an immediate consequence 

of the first. 

Lemma A. 2. A rational function <p{t) of degree d > 2 has exactly d + 1 fixed points when counted with 
multiplicity. 

Proof. Choose a fractional linear change of coordinates a{t) = {at + (3) /{"ft + S) with a6 — l3'y ^ 0, and 
consider the new rational function {(t~^ o (f) o a){t). One can choose a so that any three given distinct points 
of P^(C) are sent to any other three given distinct points; so, for example, we may assume that 00 is not 
a fixed point. (As d > 2 there must exist at least one non-fixed point, say because <^(t) — t is not the zero 
function.) Changing coordinates doesn't change the derivatives of (f){t) at a fixed point (by the chain rule), 
and hence does not affect the multiplicity of a fixed point. Now (j){t) = f{t)/g{t) where deg/ < degg = d. 
The fixed points are exactly the solutions to the equation (l){t) = t, or equivalently, the roots of f{t) = tg{t). 
This equation has degree d+1, and hence exactly d+1 roots when counted with multiplicity. 

Lemma A. 3. Let (f){t) be a rational function of degree d> 2 and let P € P-'^(C) be a fixed point of 4>{t), in 

which case P is also a fixed point of (j)'^'^\t). 

(1) // the fixed point multiplicity of P for (p is t > 1, then the fixed point multiplicity of P for <f)^'^'> is i. 

(2) Suppose the fixed point multiplicity of P is 1 for (j) and £ > I for (j)'^^^ . Then £ = 2k + 1 for some 
positive integer k. Moreover, there exist k distinct critical points Qi, . . . , Qk for (j) — i.e., Qi € P^(C) 
with (j)'{Qi) = — such that ^^'"•'(Qi) ^ P as to ^ 00. 
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Proof. We may assume that P 7^ oo by replacing (t>(t) with l/(f>{l/t) and replacing P = 00 with P = if 
necessary. Note that by definition this does not aS'ect the fixed point multiplicities or multipliers. To prove 

(1), we expand as a power series about the origin: (j){t) — t = cet^ + • • • , or (f){t) ~ t + c^t^ -\ . Iterating 

shows (f)^'^\t) — t = 2cet^ H , from which (1) follows. 

The proof of (2) is significantly more difiicult. See [1, Lem. 4] or [8, Lem. 10.4 / Lem. 10.11]. 



Appendix B. Kisaka's classification of exceptions to Baker's Theorem 

Two rational maps 4>{t), ip{t) G C(t) arc said to be conjugate if (f) ~ o ip o a for some fractional linear 
transformation a{t) = {at + /3)/{jt + 6) with aS — ^ 0. 

In [7, Thm. 1] Kisaka showed that if (p{t) e C(t) is a rational map of degree d> 2 with no periodic point 
of exact period A, then (p is conjugate to one of the following: 

(1) (A,d) = (2,2) 



(2) (A,d) = (2,3) 



(3) (A,d) = (2,4) 



t^-t f' + t^ + e-t -t^ + 3i -t^ -t t* + cot^ + bot^-t 

V-C*) = , . or ,0 , ,0 , , or „ . . „ — , „_i . . . or 



-2*3 + 1 -t^ + t^-3t+l -t^ + st .t2_5.s-h .t + 1 -t^ + bot^ + cot + V 

3 + \/5- 3-^5 -5-y5_ -5 + ^5 
where 60 = — ^ — , Oo = — ^ — , cq = , cq = • 

(4) (A,d) = (3,2) 

t"^ +U)t t^ +iOt 
W{t) = — TT or — , 

where w is a primitive third root of unity. 
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